We present a calculation of the spin-averaged and spin-resolved pair distribution functions for a homogeneous gas of electrons moving in a plane with 2 / interactions at coupling strength s = 10. The calculation is based on the solution of a two-electron scattering problem for both parallelspin-and antiparallel-spin-pairs interacting via effective spin-dependent many-body potentials. The scattering potentials are modeled within the approach proposed by Kukkonen and Overhauser to treat exchange and correlations under close constraints imposed by sum rules. We find very good agreement with quantum MonteCarlo data for the spin-averaged pair density. We also find that short-range pairing between parallel-spin electrons is beginning to emerge in the paramagnetic fluid at this coupling strength, as a precursor of a transition to a fully spin-polarized fluid state occurring at stronger coupling.
Introduction
Electronic fluids with essentially two-dimensional (2D) dynamics in semiconductor quantum wells present a very rich phenomenology, especially in the low-electron-density regime corresponding to strong coupling [1] . Many of the electron-electron interaction effects can be understood with the help of the homogeneous electron-gas (jellium) model [2] . A central role in the theory is played by the electron-pair distribution function ( ) and by its spin-resolved components ( ) and ( ), which provide essential input in the construction of exchange and correlation energy functionals for applications of density functional theory (DFT) [3] . A number of recent developments in DFT [4 -6] have also drawn attention to the utilization of the inhomogeneous electron-pair density, that is the diagonal part of the two-body reduced density matrix of the inhomogeneous electronic system [7] .
It is well known that the value of ( ) in jellium is determined in the limit 0 by the scattering events between pairs of electrons with antiparallel 0932-0784 / 02 / 0500-0237 $ 06.00 c Verlag der Zeitschrift für Naturforschung, Tübingen www.znaturforsch.com spins, leading to an exact cusp condition which relates the logarithmic derivative of ( ) and ( ) at contact to the Bohr radius B [8] . The value of ( ) vanishes in the same limit as a consequence of the Pauli exclusion principle. Early calculations of (0) by many-body techniques exploited the dominant role of the electron-electron ladder diagrams in determining this quantity in both 3D jellium [9, 10] and 2D jellium [11, 12] . In a seminal work Overhauser [13] developed a wholly different approach to the evaluation of (0) in 3D jellium, in which he tackled the scattering problem through the solution of an effective Schrödinger equation for the relative motion of the electronic pair. The approach of Overhauser was later used to evaluate (0) in 2D jellium [14] and was extended by Gori-Giorgi and Perdew [15] to calculate ( ) at finite in 3D jellium by means of an accurate numerical solution of Overhauser's twobody Schrödinger equation. This equation involves a simple model for the scattering potential, which is built as the potential of an electron at the centre of a Wigner-Seitz sphere of uniformly distributed positive charge.
Comparisons with quantum MonteCarlo (QMC) data show that the above extension of Overhauser's approach for the evaluation of pair densities away from contact in 3D jellium gives quite good results in the short-range part of ( ), where two-body collisions may still be expected to be most important [15] . In a full calculation of pair densities by this approach, however, one would be trying to reduce a many-electron problem to a two-electron scattering problem and should therefore give careful attention to a proper inclusion of many-body effects into the scattering potential entering the effective two-body Schrödinger equation. In this perspective Davoudi et al. [16] have adopted a self-consistent Hartree scheme for the determination of the effective scattering potential, selfconsistency being allowed by the fact that the Hartree potential generated by an "average" electron is determined by the density of electrons around the same electron and this is in turn described by ( ). It was shown in the above study that such a self-consistent Hartree approach yields a very good account of ( ) in 3D jellium over the whole range of interelectron distances in a range of coupling strengths s extending up to at least s = 10. Rather surprisingly, the Hartree approximation also gives a quite reasonable, though not equally accurate, account of the spin-resolved pair densities over the same range of coupling strengths.
It was also shown in the same study by Davoudi et al. [16] that the Hartree approximation has more restricted usefulness for the calculation of the pair densities in 2D jellium. Indeed, while it gives in this case a very good account of QMC data at s = 1, quantitative discrepancies between theoretical results and the available QMC data become evident already at s = 5. It is a general fact that the role of exchange and correlations becomes more important with decreasing dimensionality of the many-electron fluid, and this is directly evidenced in the QMC data by the emergence of an incipient first-neighbour shell in 2D jellium at s = 5 [17] . This feature is not reproduced by the Hartree approximation for the scattering potential entering the two-body Schrödinger equation [16] .
In the present work we examine whether the inclusion of exchange and correlation in the effective two-body scattering problem may usefully allow one to transcend the results yielded by the Hartree approximation at strong coupling. We do so by recourse to the electron-electron effective interactions derived by Kukkonen and Overhauser [18] and focus on 2D jellium in the strong-coupling regime corresponding to s = 10, where QMC data by Rapisarda and Senatore [19] allow a quantitative test of our results for ( ). We also examine the behaviour of the spin-resolved pair densities, in relation to the first-order transition from the paramagnetic to the fully spin-polarized state that has been reported to occur in 2D jellium at s 20 from QMC studies [20] . In our present formulation the effective scattering potentials acquire a dependence on the relative orientation of the spins of the electron pair, but are not self-consistently dependent on the spin-resolved pair densities.
The paper is organized as follows. Section 2 gives the essential theoretical background, and Sect. 3 reports and discusses our numerical results. A brief summary concludes the paper in Section 4.
Essential Theory
We consider the 2D jellium model at average electron density and define its coupling strength s through the relation ( s B ) 2 = 1 . Let k K (r R) be the solution of the two-electron scattering problem in some spin-dependent effective potential ( ). Here, r = r 1 r 2 and R = (r 1 + r 2 ) 2 are the relative and centre-of-mass coordinates of the electron pair, while the conjugate momenta are k and K and the spin indices of the pair are and . The distribution functions ( ) are to be obtained as
where ( ) represents averages over the scattering angle and over the probability ( ) of finding two electrons with relative momentum in the 2D electron gas,
The function ( ) can be calculated from the momentum distribution ( ), the result being
when one uses the momentum distribution of the ideal 2D Fermi gas with Fermi wave number F = 2 ( s B ) [21] . The charge-charge and spin-spin correlations in the paramagnetic fluid are given by ( ) =
The pair wave functions can be written in the form of angular-momentum expansions [15] , leading to the results
and
where the wave functions
Here, = 2 is the reduced electron mass and L 2 =¯2 2 with = 0, 1, 2, . The form of (4) ( ) tends to the bare Coulomb potential for 0 [16] . It is also easily seen that the HartreeFock results for ( ) and ( ) are recovered if ( ) is set to zero in (6) [15] . Finally, the normalization of the wave functions and of the probability function ( ) ensures the charge neutrality condition, dr[ ( ) 1] = 1. In the following we adopt for the scattering potentials ( ) the form obtained by Kukkonen and Overhauser [18] , which includes exchange and correlations through a linear-response treatment of the polarization induced by an "average" electron of given spin in the surrounding electron gas and tends to the bare Coulomb potential 2 for 0. In Fourier transform their result is
2 ( ) ( )
where, by convention, the product equals +1 for parallel spins and -1 for antiparallel spins. In (7) = 2 2 is the Fourier transform of the Coulomb potential, ( ) = 0 ( ) with 0 ( ) the static density response function of the ideal 2D Fermi gas as first calculated by Stern [22] , and ( ) are the local field factors accounting for exchange and correlations in the dielectric and spin response of the electron gas [2] . As discussed further below, the local field factors are available from QMC data [23 -25] extending in 2D up to s = 10.
We conclude this section by recalling how exact sum rules and limiting behaviours enter the scattering potentials˜( ) at both small and large momentum transfers [2] . The latter behaviours are determined by the values of (0) and of the correlation kinetic energy (see Appendix). The compressibility and spin susceptibility sum rules, on the other hand, determine the limiting behaviours of the local field factors at low momenta according to the relations 
Notice that for sufficiently large values of s P the spin term in (12) leads to an effective attraction between parallel-spin electrons at low momenta and to a corresponding effective repulsion between antiparallel-spin electrons. This fact favours the formation of fluctuating domains of spin magnetization in the paramagnetic electron fluid as its coupling strength parameter is raised towards the transition to a fully spin-polarized state [26] .
Numerical Results
The numerical solution of (6) requires as input the local field factors entering the scattering potentials in (7) . These are available in analytical form from QMC data in 2D jellium up to s = 10 [27] . It turns out that the solution of the scattering problem is quite sensitive to the details of this input, so that we thought it advisable to simplify the form of the fit of the QMC data at long wavelengths. The details of the new fit and its results, that we have used in the calculations reported immediately below, are presented in the Appendix. Figures 1 and 2 report the scattering potentials in 2D jellium at s = 10 as functions of the distance and in Fourier transform, respectively. The comparison with the spin-independent potential obtained in the Hartree approximation, which is given in Fig. 1 , shows that the inclusion of exchange and correlation gives rise to oscillations extending quite far away from the electron at the origin. In addition, the minima in the two scattering potentials are well separated from each other, with that for parallel-spin electrons showing at this value of s a marked minimum at short distance in approximate correspondence with the main minimum in the Hartree-model potential. It can be seen from Fig. 2 that these features in space correspond in Fourier transform to a decrease in the effective repulsion between parallel-spin electrons over a wide region of scattering momenta extending up to 2 F , while antiparallel-spin electrons feel an enhanced repulsion in the same region of momenta. As was discussed in [26] , the emergence of effective interactions favouring spin alignments over domains on a scale of distance which is becoming of the order of (2 F ) 1 is signalling the approach of the paramagnetic fluid to a transition into a spin-ordered phase having a space-independent order parameter.
The above statement is demonstrated in the results that we obtain for the "difference" spin distribution function d ( ) = [ ( ) ( )] 2 at s = 10, which are reported in Figure 3 . This shows that d ( ) is slightly positive at short distance, corresponding to a [16] . The crosses are from QMC results in [19] .
slight tendency for parallel-spin electrons to be first neighbours in the paramagnetic fluid. On the other hand the Hartree approximation, the result of which is also shown in Fig. 3 , still gives negative values for d ( ) in the same region of space, corresponding to the preferred short-range pairing between antiparallel spins which is characteristic of the fluid in the deep paramagnetic phase. We should point out that, while the present method to include exchange and correlation thus appears to be qualitatively useful in regard to the spin-resolved distribution functions, its results are quite sensitive to the detailed shape of ( ), and their quantitative validity cannot be tested against QMC data.
Finally, Fig. 4 reports the spin-averaged pair distribution function ( ) in 2D jellium at s = 10 , in comparison with the QMC data of Rapisarda and Senatore [19] and with those obtained within the Hartree approximation. It is evident that the present approach yields a fully quantitative account of the QMC data, and in particular reproduces the presence of a firstneighbour shell at this value of the coupling strength which is instead completely missed in the Hartree approximation to the scattering potentials.
Summary
In summary, we have shown that the inclusion of exchange and correlation in the effective many-body potentials governing the scattering between electron pairs in the two-dimensional electron gas at strong coupling provides a quantitative account of the data on the spin-averaged pair distribution function. It also yields apparently reasonable results for the difference in the distribution functions bertween parallel-and antiparallel-spin electron pairs on the approach to magnetic ordering in the electron fluid.
Regretfully, no data are as yet available at stronger couplings closer to the magnetic ordering transition, which would allow further quantitative tests of the theory. At a coupling strength corresponding to s = 5, on the other hand, the available QMC data indicate that the present determination of the scattering potentials does not have a similar quantitative usefulness. This is somewhat surprising, since in their derivation the Kukkonen-Overhauser potentials involve a linear-response assumption. The inclusion of selfconsistency in the theory may therefore be expected to be important.
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Appendix. Local Field Factors from QMC Data on the 2D Electron Gas
In this work we have redetermined the local field factors from QMC data by the same procedure that we have used in our previous work [27] , using simpler expressions for their functional form with the aim of reducing the sensitivity of the results to small fluctuations in the input data. The form that we have taken at s = 5 and s = 10 is where = F . In (A.1) the quantities determine the behaviour of the local field factors in the long-wavelength limit (see (9) and (10)), while the quantities and govern the large-behaviours as determined by the radial distribution function at contact and by the true kinetic energy of the electron gas (see the discussion and the results given in [27] ).
The other parameters in (A.1) serve instead to reproduce the QMC data on the local field factors in the intermediate range of wave number. Their numerical values are reported in Table 1 .
